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a b s t r a c t
In this work, a contact problem between an elastic body and a deformable obstacle is
numerically studied. The bone remodeling of the material is also taken into account in
the model and the contact is modeled using the normal compliance contact condition.
The variational problem is written as a nonlinear variational equation for the displacement
field, coupled with a first-order ordinary differential equation to describe the physiological
process of bone remodeling. An existence and uniqueness result ofweak solutions is stated.
Then, fully discrete approximations are introduced based on the finite element method to
approximate the spatial variable and an Euler scheme to discretize the time derivatives.
Error estimates are obtained, fromwhich the linear convergence of the algorithm is derived
under suitable regularity conditions. Finally, some 2D numerical results are presented to
demonstrate the behavior of the solution.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
A contact problem between an elastic body and a deformable obstacle, including the bone remodeling process, is
numerically studied in this paper. This bone remodelingmodel, derived by Cowin andHegedus (see [1,2] and also the review
paper [3]), is a generalization of the nonlinear elasticity, and it is based on the fact that the living bone is continuously
adapting itself to external stimuli. Since this process has an enormous effect on the overall behavior and health of the entire
body, the ability of these models to predict the bone remodeling is of great importance.
During the past ten years, some papers dealt with mathematical issues of these models as the existence and uniqueness
of weak solutions under some quite strong assumptions (see, e.g., [4,5]), the analysis of an asymptotic rod model (see, for
instance, [6]) or the numerical stability of finite element models (see [7]). Recently, other authors considered the fiber
orientation and studied the energy dissipation associated to the bone remodeling (see, e.g., [8]). This paper extends the
results presented in [9] to the case including contact and it continues the investigation reported in [10]. Here, our aim
is to provide the numerical analysis of a fully discrete algorithm and to perform some 2D numerical simulations which
demonstrate its behavior.
2. Mechanical and variational problems
Let us denote byΩ ⊂ Rd, d = 1, 2, 3, an open bounded domain and let Γ = ∂Ω be its outer surface which is assumed to
be Lipschitz continuous and it is divided into three disjoint parts ΓD, ΓN and ΓC such that meas (ΓD) > 0. Let [0, T ], T > 0,
be the time interval of interest. The body is being acted upon by a volume force of density f , it is clamped on ΓD and surface
tractions with density g act on ΓN . Finally, we assume that the bodymay come in contact with a deformable obstacle on the
boundary part ΓC which is located at a distance s, measured along the outward unit normal vector ν.
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Let u = (ui)di=1 and σ = (σij)di,j=1 be the displacement and the stress fields, respectively, let ε(u) = (εij(u))di,j=1 represent
the linearized strain field given by εij(u) = 12

∂ui
∂xj
+ ∂uj
∂xi

, and denote by e the so-called bone remodeling function, which
measures the change in the volume fraction from a reference configuration.
The body is assumed elastic and, according to [1,2], the constitutive law is then written as σ = (ξ0 + e)C(e)ε(u),where
ξ0 represents the reference volume fraction and C(e) = (Cijkl(e))di,j,k,l=1 is a constitutive function whose properties will be
described below.
Since the contact is assumed with a deformable obstacle, the well-known normal compliance contact condition is
employed (see [11]); that is, the normal stress σν = σν · ν on ΓC is given by−σν = pν(uν − s),where uν = u · ν denotes the
normal displacement in such a way that, when uν > s, the difference uν − s represents the interpenetration of the body’s
asperities into those of the obstacle. The normal compliance function pν is prescribed and satisfies pν(r) = 0 for r ≤ 0, since
then there is no contact. As an example, one may consider pν(r) = µ r+,where µ > 0 represents a deformability constant
(that is, it denotes the stiffness of the obstacle), and r+ = max {0, r}. We also assume that the contact is frictionless, i.e. the
tangential component of the stress field, denoted στ = σν − σνν, vanishes on the contact surface.
Let us represent by · the inner product in Rd and by | · | its corresponding norm. Let Sd be the space of second-order
symmetric tensors on Rd, or equivalently, the space of symmetric matrices of order d, and let: be its inner product and | · |
its norm.
The evolution of the bone remodeling function is obtained from the first-order ordinary differential equation (see [1,2])
e˙ = a(e) + A(e) : ε(u), where a dot above a variable represents the time derivative, a(e) is a constitutive function and
A(e) = (Aij(e))di,j=1 denote the bone remodeling rate coefficients.
Let us define the truncation operator ΦL : R → [−L, L] by ΦL(r) = r if |r| ≤ L, ΦL(r) = L if r > L and ΦL(r) = −L if
r < −L.
Finally, the process is assumed quasistatic and therefore, the inertia effects are neglected. Moreover, let e0 denote the
initial bone remodeling function.
The mechanical problem, derived from the continuum mechanics laws within the small displacement theory, is the
following (see [2]).
Problem P. Find the displacement field u : Ω × (0, T ) → Rd, the stress field σ : Ω × (0, T ) → Sd and the bone remodeling
function e : Ω × (0, T )→ R such that e(0) = e0 and for a.e. t ∈ (0, T ),
σ(t) = (ξ0 + e(t))C(e(t))ε(u(t)) inΩ,
e˙(t) = a(e(t))+A(e(t)) : ε(u(t)) inΩ,
−Div σ(t) = γ (ξ0 + ΦL(e(t)))f (t) inΩ,
u(t) = 0 on ΓD,
σ(t)ν = g(t) on ΓN ,
στ (t) = 0, σν(t) = −pν(uν(t)− s) on ΓC .
Here, γ > 0 is the density of the full elastic material which is assumed constant for the sake of simplicity.
We turnnow toobtain a variational formulation of ProblemP. First, let us denote byY = L2(Ω) andH = [L2(Ω)]d, andde-
fine the variational spaces V = {v ∈ [H1(Ω)]d ; v = 0 on ΓD} and Q = {τ = (τij)di,j=1 ∈ [L2(Ω)]d×d; τij = τji, 1 ≤ i, j ≤ d}.
The following assumptions are done on the given data.
The elasticity coefficients Cijkl(e) are assumed to satisfy the following properties:
(a) There exists LC > 0 such that
|(ξ0 + e1)Cijkl(e1)− (ξ0 + e2)Cijkl(e2)| ≤ LC |e1 − e2|, ∀e1, e2 ∈ R.
(b) There existsMC > 0 such that |(ξ0 + e)Cijkl(e)| ≤ MC , ∀e ∈ R.
(c) Cijkl(e) = Cjikl(e) = Cklij(e) for i, j, k, l = 1, . . . , d.
(d) There existsmC > 0 such that
(ξ0 + e)C(e)τ : τ ≥ mC |τ|2, ∀τ ∈ Sd.
(1)
The normal compliance function pν : ΓC × R −→ R+ verifies:
(a) There exists Lν > 0 such that
|pν(x, r1)− pν(x, r2)| ≤ Lν |r1 − r2| ∀ r1, r2 ∈ R, a.e. x ∈ ΓC .
(b) The mapping x → pν(x, r)is Lebesgue measurable on ΓC , ∀r ∈ R.
(c) (pν(x, r1)− pν(x, r2)) · (r1 − r2) ≥ 0 ∀ r1, r2 ∈ R, a.e. x ∈ ΓC .
(d) The mapping x → pν(x, r) = 0 for all r ≤ 0.
(2)
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The constitutive function a(e) and the bone remodeling rate coefficients Aij(e) are Lipschitz and bounded functions.
Therefore, there exist positive constants La, LA,Ma andMA such that:
(a) |a(e1)− a(e2)| ≤ La|e1 − e2|, |a(e)| ≤ Ma, ∀e1, e2, e ∈ R,
(b) |A(e1)−A(e2)| ≤ LA|e1 − e2|, |A(e)| ≤ MA, ∀e1, e2, e ∈ R. (3)
The reference volume fraction ξ0 satisfies, for some 0 < ξm0 < 1,
ξ0 ∈ C(Ω), 0 < ξm0 ≤ ξ0(x) ≤ 1 for all x ∈ Ω. (4)
The density forces have the regularity,
f ∈ C([0, T ]; [C(Ω)]d), g ∈ C([0, T ]; [C(ΓN)]d), (5)
and the initial value of the bone remodeling function e0 verifies that
e0 ∈ C(Ω). (6)
For every e ∈ L∞(Ω), let us define the bilinear form c(e; ·, ·) : V × V → R as c(e; u, v) = 
Ω
(ξ0 + e)C(e)ε(u) : ε(v)
dx∀u, v ∈ V , the linear form L(e; ·) : V → R given by L(e; v) = 
Ω
γ (ξ0 + ΦL(e))f · v dx +

ΓN
g · v da∀v ∈ V , and the
functional j : V × V → R as j(u, v) = 
ΓC
pν(uν − s) vν da∀u, v ∈ V ,where vν = v · ν for all v ∈ V .
Applying Green’s formula, we then derive the following variational formulation of Problem P.
Problem VP. Find the displacement field u : [0, T ] → V and the bone remodeling function e : [0, T ] → L∞(Ω) such
that e(0) = e0 and for a.e. t ∈ (0, T ),
c(e(t); u(t), v)+ j(u(t), v) = L(e(t); v) ∀v ∈ V , (7)
e˙(t) = a(e(t))+A(e(t)) : ε(u(t)). (8)
The following result, which states the existence of a unique weak solution to Problem VP, is obtained proceeding as in [5].
Theorem 1. Let assumptions (1)–(6) hold. Assume that, for any given function e ∈ C1([0, T ]; C(Ω)), the unique solution to the
problem
u(t) ∈ V , c(e(t); u(t), v)+ j(u(t), v) = L(e(t); v) ∀v ∈ V ,
has the regularity u ∈ C([0, T ]; [H3(Ω)]d) for d = 2, 3 or the regularity u ∈ C([0, T ];H2(Ω)) for d = 1. Then, there exists a
unique solution to Problem VP with the regularity u ∈ C([0, T ]; [C1(Ω)]d) and e ∈ C1([0, T ]; C(Ω)).
3. Numerical analysis of a fully discrete scheme
We now introduce a finite element algorithm for approximating solutions to Problem VP and derive an error estimate
on them.
The discretization of Problem VP is done in two steps. First, we consider two finite-dimensional spaces V h ⊂ V and
Bh ⊂ L∞(Ω) ⊂ Y , approximating the spaces V and L∞(Ω), respectively. Here, h > 0 denotes the spatial discretization
parameter.
Secondly, the time derivatives are discretized by using a uniform partition of the time interval [0, T ], denoted by
0 = t0 < t1 < · · · < tN = T , and let k be the time step size, k = T/N . Moreover, for a continuous function f (t) we
let fn = f (tn).
In this section, no summation is assumed over a repeated index, and C denotes a positive constant which depends on the
problem data, but is independent of the discretization parameters h and k.
Using the forward Euler scheme, the fully discrete approximation of problem VP is as follows.
ProblemVPhk. Find a discrete displacement field uhk = {uhkn }Nn=0 ⊂ V h and a discrete bone remodeling function ehk = {ehkn }Nn=0 ⊂
Bh such that,
c(ehkn ; uhkn , vh)+ j(uhkn , vh) = L(ehkn ; vh) ∀vh ∈ V h, n = 0, . . . ,N, (9)
ehkn − ehkn−1
k
= a(ehkn−1)+A(ehkn−1) : ε(uhkn−1), n = 1, . . . ,N, (10)
where ehk0 is an appropriate approximation of the initial condition e0.
From assumptions (1)–(2), using classical results on nonlinear variational equations (see [12]) it is straightforward to
obtain the existence and uniqueness of the discrete solution.
The aim of this section is to derive estimates on the numerical errors ‖un − uhkn ‖V and ‖en − ehkn ‖Y . Therefore, we have
the following.
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Theorem 2. Let the assumptions of Theorem 1 hold. Let (u, e) and (uhk, ehk) denote the respective solutions to problems VP and
VP hk. Then we have, for all {vhn}Nn=0 ⊂ V h,
max
0≤n≤N
{‖en − ehkn ‖2Y + ‖un − uhkn ‖2V } ≤ ‖e0 − ehk0 ‖2Y + C

k
N−
j=1
[
‖e˙j − δej‖2Y
+‖uj − uj−1‖2V
]
+ k2 + max
1≤n≤N
‖un − vhn‖2V + ‖u0 − uhk0 ‖2V

, (11)
where the notation δej = (ej − ej−1)/k is employed.
Proof. First, we recall that an error estimate on the function e was already established in [9]. After some tedious algebraic
manipulations, the following has proved,
‖en − ehkn ‖Y ≤ ‖e0 − ehk0 ‖Y + Ck+ Ck
n−
j=1
‖ej−1 − ehkj−1‖Y + ‖e˙j − δej‖Y + ‖uj−1 − uhkj−1‖V + ‖uj − uj−1‖V . (12)
Next, let us estimate the numerical errors on the displacement field. Thus, we write Eq. (7) at time t = tn for all v = vh ∈
V h ⊂ V and we subtract it from Eq. (9) to obtain,
c(en; un, vh)+ j(un, vh)− L(en; vh)− c(ehkn ; uhkn , vh)− j(uhkn , vh)+ L(ehkn ; vh) = 0.
Therefore, we find that, for all vh ∈ V h,
c(en; un, un − uhkn )+ j(un, un − uhkn )− L(en; un − uhkn )
−c(ehkn ; uhkn , un − uhkn )− j(uhkn , un − uhkn )+ L(ehkn ; un − uhkn )
= c(en; un, un − vh)+ j(un, un − vh)− L(en; un − vh)
−c(ehkn ; uhkn , un − vh)− j(uhkn , un − vh)+ L(ehkn ; un − vh).
Since
c(en; un, un − vh)− c(ehkn ; uhkn , un − vh) = c(ehkn ; un − uhkn , un − vh)
+ c(en; un, un − vh)− c(ehkn ; un, un − vh) ∀vh ∈ V h,
from assumption (1)(d) it follows that
c(ehkn ; un − uhkn , un − uhkn ) ≥ mC‖un − uhkn ‖2V .
Moreover, taking into account that,
j(un, un − uhkn )− j(uhkn , un − uhkn ) ≥ 0,
j(un, un − vh)− j(uhkn , un − vh) ≤ C‖un − uhkn ‖V‖un − vh‖V ,
keeping in mind properties (1) and (5), we obtain for all vh ∈ V h,
mC‖un − uhkn ‖2V ≤ ‖fn‖[C(Ω)]d‖en − ehkn ‖Y‖un − uhkn ‖V
+‖un‖[C1(Ω)]d‖en − ehkn ‖Y‖un − uhkn ‖V +MC‖un − uhkn ‖V‖un − vh‖V
+‖un‖[C1(Ω)]d‖en − ehkn ‖Y‖un − vh‖V + ‖fn‖[C(Ω)]d‖en − ehkn ‖Y‖un − vh‖V .
Using several times the inequality ab ≤ ϵa2 + (1/4ϵ)b2, a, b, ϵ ∈ R, ϵ > 0, we have the following error estimates for the
displacement field,
‖un − uhkn ‖2V ≤ C(‖en − ehkn ‖2Y + ‖un − vh‖2V ) ∀vh ∈ V h. (13)
Combining (12) and (13), we find that
‖en − ehkn ‖2Y + ‖un − uhkn ‖2V ≤ ‖e0 − ehk0 ‖2Y + C‖u0 − uhk0 ‖2V + Ck2
+ Ck
n−
j=1
‖ej−1 − ehkj−1‖2Y + ‖uj − uj−1‖2V + ‖e˙j − δej‖2Y
+‖uj−1 − uhkj−1‖2V
+ C‖un − vhn‖2V ∀vhn ∈ V h.
Finally, using a discrete version of Gronwall’s inequality (see [13] for details), it leads to (11). 
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Error estimates (11) are the basis for the analysis of the convergence rate of the algorithm, which we now present.
Let Ω be a polyhedral domain and denote by T h a triangulation of Ω compatible with the partition of the boundary
Γ = ∂Ω into ΓD, ΓN and ΓC . Let V h and Bh consist of continuous and piecewise affine functions and piecewise constant
functions, respectively; that is,
V h = {vh ∈ [C(Ω)]d; vh|Tr ∈ [P1(Tr)]d, Tr ∈ T h, vh = 0 on ΓD}, (14)
Bh = {ξ h ∈ L∞(Ω); ξ h|Tr ∈ P0(Tr), Tr ∈ T h}, (15)
where Pq(Tr), q = 0, 1, represents the space of polynomials of global degree less than or equal to q in Tr .
Let the discrete initial condition ehk0 be defined by e
hk
0 = πhe0, where πh : C(Ω) → Bh is the standard finite element
interpolation operator (see, e.g., [14]).
Next, assume the additional regularity conditions on the continuous solution e ∈ C([0, T ];H1(Ω)) ∩ H2(0, T ; Y ) and
u ∈ C1([0, T ]; V ) ∩ C([0, T ]; [H2(Ω)]d), from which we have that u(0) ∈ [H2(Ω)]d. Hence, we could define the ‘‘discrete’’
initial condition as uhk0 = Πhu(0), where Πh = (πhi )di=1 : [C(Ω)]d → V h. However, we can also use problem (9), with
n = 0, to obtain an error estimate. Proceeding as in (13), it follows that
‖u0 − uhk0 ‖V ≤ C(‖e0 − ehk0 ‖Y + ‖u0 − vh‖V ) ∀vh ∈ V h.
Thus, since the previous regularity conditions imply u0 ∈ [H2(Ω)]d and e0 ∈ H1(Ω), we conclude that (see [14]),
‖u0 − uhk0 ‖V ≤ Ch. (16)
The next result follows from estimates (11).
Corollary 3. Let the assumptions of Theorem 1 hold. Under the previous additional regularity conditions, the fully discrete scheme
is linearly convergent; that is, there exists a positive constant C, independent of h and k, such that
max
0≤n≤N

‖un − uhkn ‖V + ‖en − ehkn ‖Y

≤ C(h+ k).
The proof of Corollary 3 is obtained using the well-known approximation property of the finite element space V h
(see [14]),
max
0≤n≤N
inf
vhn∈Vh
‖un − vhn‖2V ≤ Ch2‖u‖2C([0,T ];[H2(Ω)]d),
the estimate
k
N−
j=1

‖e˙j − δej‖2Y + ‖uj − uj−1‖2V

≤ Ck2

‖e‖2H2(0,T ;Y ) + ‖u‖2C1([0,T ];V )

,
the following approximation of the initial condition (see again [14]),
‖e0 − ehk0 ‖Y ≤ Ch‖e‖C([0,T ];H1(Ω)),
and the previous estimate (16).
4. Numerical results
To approximate the spacesV and L∞(Ω)weuse the finite element spacesV h and Bh defined by (14) and (15), respectively.
First, we recall that uhkn is obtained solving the following nonlinear problem for n = 0, . . . ,N ,
uhkn ∈ V h, c(ehkn ; uhkn , vh)+ j(uhkn , vh) = L(ehkn ; vh) ∀vh ∈ V h.
This leads to a nonlinear variational equation which was solved by using a penalty–duality algorithm already applied in
other contact problems.
Next, let n ∈ {1, . . . ,N} and assume that uhkn−1 and ehkn−1 are known. Thus, the discrete bone remodeling function ehkn is
given by
ehkn = ehkn−1 + ka(ehkn−1)+ kA(ehkn−1) : ε(uhkn−1).
The numerical scheme was implemented on a 3.2Ghz PC using MATLAB, and a typical 2D run took about 30 minutes.
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Fig. 1. Example 2D-1: Physical setting.
Fig. 2. Example 2D-1: Reference configuration and displacement field at initial time (left) and after 105 days (right).
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Fig. 3. Example 2D-1: Bone remodeling function at initial time (left) and after 105 days (right).
4.1. Numerical results for 2D problems
4.1.1. A linearly increasing force
As a first 2D example, we consider the domainΩ = (0, 6) × (0, 1.2) which is clamped on the boundary part ΓD = {0}
× [0, 1.2]. No volume forces are supposed to act in the body, a linearly increasing surface force is applied on the boundary
part [0, 6] × {1.2} and, finally, the body is supposed to be in contact with a deformable obstacle on the contact boundary
ΓC = [0, 6] × {0} (see Fig. 1).
The following data were employed in this example:
T = 105 days, µ = 104, f = 0N/m3, g(x, y, t) = (0,−5x)N/m2,
C(e) = 1
ξ0 + e (C
0 + C1e), A(e) = A0 +A1e, ξ0 = 0.892, γ = 1740 Kg/m3,
s = 0m, a(e) = a0 + a1e+ a2e2, a0 = −1296× 10−4 (100 days)−1,
a1 = −1296× 10−2 (100 days)−1, a2 = 216× 10−2 (100 days)−1,
where the fourth-order tensors C0 = (C0ijkl)2i,j,k,l=1 and C1 = (C1ijkl)2i,j,k,l=1 and the second-order tensors A0 = (A0ij)2i,j=1 and
A1 = (A1ij)2i,j=1 can be found in [9]. Moreover, we assume that the initial bone remodeling function is given by e0(x, y) =
0.01sin(πy3 ) for all (x, y) ∈ (0, 6)× (0, 1.2).
Taking k = 0.01 as the time discretization parameter, the displacement field (multiplied by 20) and the reference
configuration are plotted in Fig. 2 at initial time (left) and after 105 days (right). We observe that the deformation has
decreased, and that no penetration into the obstacle has beenproduced, because of the size of the deformability coefficientµ.
Moreover, in Fig. 3 the bone remodeling function is shown at initial time (left) and after 105 days (right). As can be seen,
the bone remodeling function is positive on the right part,which caused that the stiffness increases, and so the displacements
decrease there.We also notice that the bone remodeling function seems to be constant through the vertical direction at final
time.
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Fig. 4. Example 2D-2: Reference configuration and displacement field at initial time (left) and after 105 days (right).
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Fig. 5. Example 2D-2: Bone remodeling function after 105 days.
4.1.2. A compression force
As a second 2D example, we consider a physical setting similar to the previous one. The unique differences are: the
boundary part ΓD is assumed empty, the surface force g is now given by g(x, y, t) = (0,−15)N/m2 if x ∈ [1.5, 4.5], y =
1.2, or g(x, y, t) = 0N/m2 otherwise, and the initial bone remodeling function is e0 = 0.
Taking k = 0.01 as the time discretization parameter, the displacement field (multiplied by 40) and the reference
configuration are plotted in Fig. 4 at initial time (left) and after 105 days (right). We can observe again that no penetration
into the obstacle was produced because of the size of µ and that the displacements decreased with the time.
Moreover, in Fig. 5 the bone remodeling function is shown after 105 days. As can be seen, this is positive in the middle
part of the bone which produced a decrease in the displacements, because the stiffness increased.
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